ON IRRATIONAL OR INVERSE
TRANSFORMATIONS OF ELLIPTIC
FuNcTIiONS *

Carl Gustav Jacob Jacobi

1.

We saw in the Fundamenta nova, whatever odd number # is, that it is possible
to determine substitutions
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We even gave general analytic expressions both for the applied substitutions
and the transformed modulus A. We will call these substitutions and transfor-
mations, which those expressions yield, rational or direct. In the following,
we will teach, that not only general analytic expressions for these rational
substitutions can be assigned, but also for irrational substitutions resulting
from their inversion; for, one can generally and explicitly express x by y, v
by z. I think this promotes algebraic analysis, since it could hardly solve this
problem of such complexity and such huge generality and elegance before.
But before I consider this question, certain fundamental theorems are to be
recalled, which we proved in earlier papers.

Having put

/A2 amudu = E(u) /E(u)du = log Q(u),
0 0

we saw in the Commentatio prima that it is possible to assign the constant r
in infinitely many ways so that the function ¢™*(), we called x(u), becomes
periodic, and it has the period it enjoys with the elliptic functions of the
argument u in common. For, while m, m’ denote positive or negative integers,
we see, having put

15 E
K 1K — _min _ E
mK + m'i Q r KQ 2K’

that

x(u+4Q) = x(u).

But from the elements it is also known that

sinam(u +4Q) = sinamu, cosam(u+4Q)=cosamu, Aam(u+4Q)=Aamu etc.

Vice verse, whatever period from the infinitely many ones, which are all
composed of two, of the elliptic functions you chose, it is possible to determine
the function x(u), which enjoys the same period.

Further, in the said paper we demonstrated the fundamental formula:

=1 —k?*sin?amasin?amu,

(ot a)x(u — a)
) )



and in the paper Formula novae in theoria transcendentium ellipticarum fundamen-
tales we proved the formulas:

xX(u+a)x(u+b)x(a+b) 5 . . . .
2. =1+ k*sinamasinambsinamusinam(u +a+b
@) x(@)x(®)x(u)x(u+a+b) ( )
(3.) sinamasinamb + sinam u sinam(u + a + b) — sinam(u + a) sinam(u + b)

= k? sinam a sinam b sinam u sinam (u + a) sinam(u + b) sinam(u +a + b).

2.

Having mentioned these things in advance, while n denotes an arbitrary
odd number, but m, m’ arbitrary positive or negative numbers, which are
nevertheless not divisible by the same factor of 7, let us put

mK +m'iK' = Q = nw

and let us form the following expressions:

x(u+4pw) .
X =Yy =>———F——= -sinam(u + 4pw
x(u)x(4pw) (14 4peo)
x(u+4pw) cosam(u +4pw)
Y=Y} .
x(u)x(4pw) Aam4pw
_y X(u+4pw) Aam(u+4pw)
- “x(u)x(4pw)  cosamipw
in which sums one has to attribute the values 0,1, 2, - - -, n — 1 to the number

p. Therefore, having put p = 0 the first terms are:

sinamu, cosamu, Aamu.

Let us multiply the expressions X, Y, Z by themselves first; further, let us
form the product YZ.
Let us put



X(u+4pw)

Xy = 0 pw) sinam(u + 4pw)

y _ X(u+4pw) cosam(u +4pw)
P x(uw)x(4pw)  Aamépw

7 _ X(u+4pw) Aam(u+4pw)
P =

(W)x(4pw)  cosam4dpw

><

it will be

X=Xo+ X1 + X+ + X1
Y=Yy +Y1 +Y2 +--- +Y,
L =Zo+7Z1+2Zr+ - +7Z,1.

The expressions X, Yy, Z,, since they consist of periodic functions, which
remain unchanged having changed u into u + 4Q, are not changed, if p is
changed into p & n. Hence it is possible to write X_j;, Y_j, Z_ instead of
Xp—n, Yn—n, Z,—y. Having constituted these, let us put

—_

n—

(XX)o = XoXo + 2X1X 1 + 2X,X 5 + -+ +2Xua X_
(YY)o= YoYo+ 2V1Y 1+ 2Yo2Y o+ --- + 2Yuu Y
( z

N‘

N

T
Z7)0 = ZoZo + ZX1Z 1 + ZX2Z 5+ -+ + zle

n—1
2

and in general

(XX)p = XoXp + X1 Xpo1 + XoXp2 + -+ + Xp_1Xp_nt1
(YY)p = Y()Yp -+ Ylyp—l —+ YZYp—Z 4+ . 4 Yn—lyp—n—H
(ZZ)p = ZOZP + lep—l + ZZZp—Z 4+ . 4 Zn—lzp—n+1

or:

(XX)P = ZXthfh (YY)P = ZYhYpfh (ZZ)P = ZZth,h,

if the values 0, 1, 2, - - -, n — 1 are attributed to 4, it will be:



From the formulas, we gave in the Fundamenta nova (§ 18), it follows:

2 2

amu — sin“ama

1 — k2sin? am a sin? am u
_ 2 o2

cosam(u +a)cosam(u —a)  cOs“amu — COS” coam a4

A?ama 1 — k2sinZamasin?amu

sin

sinam(u + a) sinam(u —a) =

Aam(u+a)Aam(u—a)  A?amu + k'K tan? ama

cos?2ama 1 — k2sin?amasin®am u

and hence from (1.):

X, X_j, = sin®amu — sin® am 4hw
Y,Y_;, = cos’amu — cos? coam 4hw
ZnZ_p = A?amu + K’k tan? am 4hw.

As in the Commentatio prima put:

sinamdw + sinfam8w + - + sinam2(n —1)w =p
cos? coam 4w + cos? coam 8w + - -+ + cos? coam2(n — 1w = ¢
K'k'[tan?am4w + tan’am8w + -+ + tan?am2(n —1)w] = T,

we find:
(7.) (XX)o = nsinamu — 2p

(8.) (YY)g = ncos>?amu — 20
(9.) (ZZ)g = nA*amu + 27.



4.

Before we investigate the values of the expressions (XX),, (YY),, (ZZ), for

the remaining values of p, let us transform the expressions Y, Z, into a form

similar to X,. For this aim, let us expand the values of the expressions
x(u+K), x(u+K+iK').

Let us by G(u) denote the function

x(u) du '
or, since
- dlog ()
x(w =omn) B0 _ g,

the function

G(u) = 2ru+ E(u).
Since x(u +4Q) = x(u), it will also be

G(u+4Q) = G(u),

so that the function G(u) also is periodic. Further, from the theorem on the
addition of elliptic integrals of the second kind it follows:

(10.) G(u) + G(a) — G(u+a) = k* sinamasinam u sinam(u + a),

whence, after having puta = K, a = K+ iK’,

k? sin am u cos am u dlog Aamu
K) — G(K) — = — _
G(u—|— ) G( ) G(u) Aoy -
Glu+ K +iK) — G(K +iK') — Gu) = — Snamwudamu _ dlogcosamu
cosam u du

from which formula, after an integration, it results:



— G(K)-u = logAamu

)) — G(K+iK') - u = log cosam u

or

x(u+K)
x()x(K)
X(u+K+iK')  gerin),
x(u)x(K+iK’)
Hence, having put a and u + a instead of 1 and after a division, it follows:

= eCK)UA amu

Y cosamu

xX(u+a+K) ec(K)-1¢X(”+a) ~Aam(u +a)

x(a+K)x(u) x(@)x(u) — Aama
X(u+atK+iK) o X(i+a) | cosam(u+a)
x(a+K+iK")x(u) x(a)x(u) cosama

whence, having changed a into a + K, a + K + iK', respectively, since

AamuAam(u + K) =k
—ik’
k

cosamu cosam(u + K +iK') =

cosamuAam(u + K +iK') = ik’ sinamu,

which formulas are known from the elements (confer Fund. § 17, 19), one
obtains:



(11.) X(+a+2K)) oy x(u+a)
' x(a+2K)x(u) x(a)x(u)

(12) X(u+ﬂ+2K+21K/) eZG(K+1K’ ( El)
' x(a+2K+2iK")x(u) x(a)x(u)

(13.) X(u+a+2K+iK) — olG(K)+G(K+iK)] u X(u+a) sinam(u+a)
' x(a+ 2K+ iK’) x(a)x(u)  sinama

Hence, since, having for the sake of brevity put 4pw = a:

x(u+a)

X, = -sinam(u +a

F = ap) SR

x(u+a) cosam(u+a)

Y, = .
x(a)x(u) Aama
x(u+a) Aam(u-+a)

Z, = :
x(a)x(u)  cosama

having put
e~ Glk)u — e~ G(K+iK') - ¢
a+k=a a+K+iK =a

we also have:

-sinam(u +a’)
(16.) Z, = kv - a ” -sinam(u +a"),

whence, if we do not take the factors ¢, k¢ common to all Yy, Z, into account,
we obtain Y, and Z, from X, by changing a to a’ and a”, respectively.

Having prepared all this, if one puts:



dhw = a 4p—h)w=1>
a+K=d b+K=1"V
a+K+iK =a" b+ K+iK' =Vb",

we find:

_ x(u+a) .X(M—f-b)
XhXP—h - x(@a)x(w) x(b)x(u)
_ X(bH—a’) ‘ X(u—i—b’)
YuYpon —ﬁﬁx(a)x(u) x(0)x(u)
thpfh = kZﬁlﬂ/X(u‘Fa//) x(u+1b")

(@ x(@) x(O)p(a) Smamta)sinam(u +57).

Now one obtains from formula (2.):

-sinam(u + a) sinam(u + b)

-sinam(u + a’) sinam(u + ')

X(u+a+b)

x(u+a) x(u+b)
x(a+b)x(u)’

= (1+k?sinamasinam bsinam usinam(u +a+b
x(@x(w) x(b)x() (u+a+b))

further, from formula (3.):

sinam(u + a) sinam(u + b) (1 + k? sinam sinam b sinam u sinam(u + a + b))

= sinamasinamb + sinam u sinam(u 4+ a + b),
whence:

x(u+a+b)
x(a+0b)x(u)

Hence, having changed a into a’, a”, b into b/, b”, also:

XnXpn = - (sinamasinamb + sinamu sinam(u +a + b)).

x(u+a +0")
YooY, =0 ——— =
ek x(a' +0")x(u)
+a//+b//)

7.7 . = kY - X(M
W = @ ()

- (sinama’ sinam b’ + sinam usinam(u +a’ + b))

- (sinama” sinam b” + sinam u sinam(u + a” +0")).



But from (11.), (12.) :

90 - Xu+a +0)  x(u+a+b)
x(@ +b)x(u) — x(a+b)x(u)
g Kt d ) x(utatb)
x(@" +b")x(u) — x(a+b)x(u)
further,
sinam(u+a +b') = —sinam(u+a+b)
sinam(u+a”" +b") = — sinam(u+a+10),

whence, since a + b = 4pw, having put h instead 0of 0, 1,2, - - -, n — 1, after a
summation it results:

4pw
(XX)p = L XpXp_p = M[Yl sinam u sinam(u + 4pw) + }_sinama sinam b]

x(4pw)x(u)
(YY), =XYY, = M[ nsinamusinam(u + 4pw) + Y_sinama’ sinam V']

_ _pxlutipe), o - i am " sin am b"”
(Z2)p =L ZnZpy =k iy (u)[ nsinam u sinam(u + 4pw) + Y sinama” sinam b”].

Therefore, the problem was reduced to the invention of the sums

Z sinamasinamb, Z sinama’ sinam?/, Z sinama”’ sinamb”.

For this aim, let us note formula (10.):

G(a)+G(b) — G(a+D)
k?sinam(a + b)

sinamasinamb =

7

whence:

10



LG(a) + L G(b) — nG(4pw)
k? sin4pw
Y. G(a')+ Y G(V) — nG(4pw + 2K)
k? sinam 4pw
Y.G(a") + Y G(b") — nG(4pw + 2K + 2iK')
k2 sinam 4pw

Y sinamasinamb =

Y sinama’sinamb’ = —

Y sinama” sinamb” = —

But
Y G(a) = G(4w) + G(8w) + - - + G(4(n — Nw),
and since
G4(n—1Nw) = -Gléw), GHAn—-2)w)=—-G(8w),---
we have:

further, from (10.):

G(a') = G(a) + G(K) — k? sinam a sin coam a

G(a) + G(K + iK'y — >1ama

O
~~
Q\
J

|

sincoama’
whence

Y G(a') =Y. G(a)+ G(K) — k* ¥_sinam a sin coam a

"o oy Sinama
LG(a") = £Gla) + G(K+iK) — L Soit

sinama

sincoama’ while each two terms

and since the sums )_sinam a4 sincoama,
cancel, vanish, we find:

Y. G(a') =nG(K)
Y. G(a") = nG(K+iK').

The same way one finds:

11



YG(b) =0
YG(b) = nG(k)
Y G(b") = nG(K +iK').

Furthermore, since:

G(4pw + 2K) = G(4pw) +2G(k)
G(4pw + 2K + 2iK") = G(4pw) + 2G(K +iK'),
we have:

G(4pw

Y sinamasinamb :_M
G(4

Y sinama’sinamb” = }_sinama” sinamb” = kZZin(a r;rglczi%d'

whence finally

(XX)p = (YY), = ~5(22),

= n |sinamusinam(u + 4pw) — G(4pw) x(u+4pw)

k2sinam4pw | x(4pw)x(u)’

This formula, since:

G(4pw) + G(u) — G(u + 4pw) = k* sinam 4pw sin am u sinam (u + 4pw),

can be exhibited more elegantly this way:

(17.) (XX)p = —(YY)p = —l(ZZ)p - G(u) — G(u+4pw) ‘ x(u+4pw)

k2 k2sinam4pw)  x(4pw)x(u)

But in this formula we assume that p is not = 0, from which case we found
the formulas (7.), (8.), (9.).

12



6.

Having prepared these things, it follows from the formulas (4.), (5.), (6.):

(18.) XX+YY=n—-2p—-20
(19.)  K*XX + ZZ = n —2k*p0 + 2.
For, from the formulas (7.), (8.), (9.):

(XX)o+ (YY)g=n—20—20
kK2 (XX)o + (ZZ)o = n — 2k?*p + 27;
further, from (17.):

(XX)1 + (YY)1 =0, (XX)2+ (YY)2=0,---
(XX 4+ (ZZ)1 =0, K(XX), + (ZZ)y = ,---
From formulas (18.), (19.), having put

X = /n—2p—20-siny,

2. n—20—20
n—2k2p+2t

7

it follows that:

Y =./n—20—20-cosy
Z=/n—2k% +27-1/1— AAsin® .

Put

1
— 2% +2T= ——;
" P T MM
we saw that:

2

1’1—2p—20‘=m,

whence:

X =—siny, Y =-—cosy, %A(w,/\).

13



Let us multiply the expressions

Y=Y9+Y1+Yo+ - +Y,
LZ=2o+21+2Zo+- - +7Z,1
by each other. Let

(YZ)P = Z Yth—h

while & denotes the numbers 0, 1, 2, - - - n — 1; it will be

YZ = (YZ)() + (YZ)l + (YZ)Z +---+ (YZ)n,y
Having again put
4hw =a 4p—hw="»b
a+K=4d b+ K+iK' =b",

from formulas (15.), (16.) it follows:

x(u+a) x(u+b")
x(@)x(u) x(@")x(u)

As above from (2.), (3.) we find this expression to be

Yy Zy_p = koo - -sinam(u + a') sinam(u + b"")

+ a/ + b//)
— kpy KT @ )
x(a' +0")x(u)

But from formula (13.):

[sinama’ sinam b” + sinam u sin(u +a’ + b")].

x(u+a' +b")  x(u+a+b) sinam(u+a+b),
x(@ +0")x(w)  x(a+b)x(u)  sinam(a+b) ’

0y -

further,

1
~ ksinam(u—+a+b)’

sinam(u+a' +b") =sinam(u+a+b+2K+iK') =

14



whence, since a4 + b = 4pw, we find:

__sinamu ksinam(u + 4pw)
sinam4pw sinam4pw

x(u+4pw)
x(4pw)x(u)

YnZy n = [ -sinam 4’ sinam b”]

and hence, having put 0, 1, 2, ---, n — 1 instead of / and having done the
summation,

_ nsinamu  ksinam(u + 4pw
sinam4pw sinam 4pw

x(u +4pw)
x(4pw)x(u)

(YZ), = ZYth—h = [ ) Zsinama/ sinamb”}

so that the task is reduced to finding the sum

) sina’sinamb”.
For this aim, I again note the formula

G(@)+G(")—G(d +1")

: ! o 1
sinama’ sinamb” = -
k2sinam(a’ + b")

7

whence, since:

1
~ ksinam 4pw

LG(d') = nG(K)
Y G(b") = nG(K + iK')
G(a'+V") = G(4pw + 2K +iK")

sinam(a’ +b") =

G(4pw) + G(K) + G(K + iK") 4+ cotam 4pwA am 4pw,

it results:

nsinam4pw
k

) sinama’sinamb” = [cotam 4pwA am 4pw + G(4pw)].

Having collected all these formulas we finally obtain:

cosam 4pwA am 4pw sinam(u + 4pw) — sinam u x(u+4pw)

x(dpw)x(u)’

(20.) (YZ)p=n { + sinam(u + 4pw)G(4pw)

sinam 4pw

15



We assume p not to be = 0 in this formula, which cases need some special
consideration.
To find the value of

(YZ)o =YoZo+Y1Z 1+ Y 1Z1+YoZ 2+ Y 2725+ - ’+Y%Z_anl +Y_%Zn%1,

having recalled the formula
cosam(u +a)Aam(u —a) cosamuAamu —k’k’tzna%
cosamaA ama 1 — k2 sin? am a sin® am u

we conclude from (1.):

-sinam u

7

t 4h

Y, Z_j = cosamuAamu — k’k’izn;;n%; -sinamu,
t 4h

Y 1, Z, = cosamuAamu + k/k/iinazzlh; -sinamu,

whence:

(YZ)o = ncosam uA am u.

Expression (20.) can be transformed even further by means of the formulas

sinam = sinam(u + 4pw — 4pw)

sinam(u + 4pw) cosam4pwA am 4pw — sinam 4pw cos am(u + 4pw)A(u + 4pw)
2

- 1 — k2 sin? am 4pw sin® am (u + 4pw)
k? sinam 4pw sinam u sinam(u + 4pw) = G(4pw) + G(u) — G(u + 4pw),

having added which:

cosam4pwA am4pw sinam(u + 4pw) — sinam u

sinam4pw

2 2

= cosam(u + 4pw)Aam(u + 4pw) — k* sinam 4pw sin am u sin” am(u + 4pw)

= cosam(u + 4pw)Aam(u 4+ 4pw) + [G(u + 4pw) — G(u) — G(4pw)] sinam(u + 4pw),

16



whence

(YZ)p = nfcosam(u +4pw)Aam(u+4pw) +sinam(u +4pw) (G (u +4pw)

which formula also holds for p = 0.
We already noted that:

x(ut4pw)
xUpo)x(w) _ X(u+4pw) [dlogx(u+4pw) dlogx(u)
du — x(dpw)x(u) du du

_ x(ut4pw)

G (u+4pw) — G(u)|,

= A S (Gl + 4pw) — G(w)
whence, since further

dsin améz:[ +4pw) = cosam(u + 4pw)Aam(u + 4pw),
we find:
dsinam(u +4pw)% X,
(YZ), =n o =
Hence
or
21. Z=n—.
@) vz=n®X
8.
But now we found, having put
A
X = oM S P,
that
A 1
Y = mcos P, Z = MA(l/J,)\),

17

—G(u))]

X(u+4pw)
x(dpw)x(u)’



whence equation (21.) goes over into:

cospA(p,A)  dsinip
M "

or

dyp AP, A) du dy

du nM nM /1 —/\)LSII\zlP

Hence, since ¢ and u vanish at the same time, in Legendre’s notation it will be

u

M :F(lp//\)

or in our notation

whence

X = ﬁ sinam (ﬁ,/\)

Y = ﬁ Ccos am <nL]lVI'A)

Z = %Aam( L]lw/\>

Hence follow the

Fundamental Formulas

x(u+4vw

(22.) A sinam (nbll\/l'/\) =sinamu + ) sinam(u + 4vw) @)@

kM

sinam(u +4vw) x(u+4vw

A u
(23.) o cosam (m,)\> =cosamu + Y,

)
)
)
Aam4dvw x(dvw)x(u)
)
)’

Aam(u+4vw)  x(u+4vw
(u

1 u
24. — A —, A=A
(24) M~ (nM ) ami ) cosam4vw  x(4vw)x

if one attributes the values +1, 2, - - -, j:”T_1 to the number v. One has to
add the following formula, which flows from (7.), (17.), to these:

18



2 u) — Glu+4dvw) x(u+4dvw)

(25.)

L,/\):nsinzamu—Zp—l—nZG( :

.2
Sin-am (nM k? sinam 4vw x(4vw)x(u)

k2 M2

G(4vw) X(u+4vw)
k2sinam4vw | x(4vw)x(u)

=nsinamu—20+n)_ {sinamusinam(u +4vw) —

It is convenient to note that the modulus A and the multiplicator M correspond
to a transformation of n-th order corresponding to the variable w. For, from
(23.), (24.), if one puts u = 0:

A

oM 1 + sincoam4w + sincoam8w + --- + sincoam4(n —1)w
L1y ! : ot : '
M sincoam4w  sincoam 8w sincoam4(n —1)w’

but the same formulas result from the formula (Fund. § 23 (16.)):

A
M sinam <%,/\> =sinamu +sinam(u +4w) +- - - +sinam(u +4(n—1)w),

if one puts u = K, u = K+ iK/, respectively.
Formulas (22.) — (25.), since

x(u+4Q) = x(u+4nw) = x(u)
G(u+4Q) = G(u + 4nw) = G(u),

remain unchanged, having changed u into u + 4Q or into u + 4pQ, while p
denotes an arbitrary positive or negative number. But if we assume some
numbers m, m" and they do not have a common factor, what is possible without
loss of generality, one is able to determine positive or negative numbers y, p//
of such a kind that

my' —um' = 1;

having done this, if one puts

uK + u'iK' = Q' = 4nd/,

19



4Q’ will be the period conjugated to 4Q and according to equation (32.) of
the Commentatio prima
x(u+4pw +4p'Q") L X(u+4pw)
x(u+4p'Q') x(u)
Hence, having changed u into u + 4pQ’, from formulas (22.) — (25.):

(26.) ﬁ sinam <u —:Z;L\ZQ/,/\) = sinamu + Ze—@ sinam(u + 4vw) - m
e
gy e (S) e e A ) afct

(29.) % sin® am <LH;14]VFIJQ'/\) = nsinamu - 20t nze*&#m G(L;c)z s_inGa(rillIvi/w) . ))C(é:V—;;L;Z‘))

After we substitute the values 0, 1, 2, - - -, n — 1 for p in these formulas, we
obtain four systems of equations, from which one easily finds the formulas:

) A . u+4pQ’

(30.) sinamu = o Y. sinam (nM'A
A u+4pQ’

(31.) cosamu = o Y. cosam i A
/

(32.) Aamu = ﬁ Y, Aam (W,A)
, 20 A? , u+4pQ’
2 20 2
(33.) sin“amu — -~ = o Y sin am( M A

or these more general ones:
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. ) ) u
(34.) sinam(u + 4vw) @vw)w) kM Y.e sinam M
cosam(u +4vw) x(u+4vw) A svpri u+4pQ’
(35) Aam4vw x(vw)x(u)  nkM ¢ cosam nM
Aam(u +4vw)  x(u+4vw) 1 Supri u+4pQ’
. . e _— n A
(36.) cosamdvw  x(4vw)x(u) nM Lo am nM
G(u) - Glu+4vw) x(u+4dvw) A2 swpri . u+4pQ’
(37) k2 sin am 4vw x(dvw)x(u)  n2k2M?2 ¢ smam nM
9.
Having put
y_ wnmi E
T 4KQ 2K
u / u
el — (M —T)uu e
X(M’)‘> ¢ Q(M’)‘)
G (1 A) _ X (i)
M X G A)
we find:

X (”JFJQ/,A) zx(%,)\), G <”+A;‘Q/,A> —G <%/\>

and from the formulas (22.) — (25.), having changed k into A, A into k, M into

n—1
1)z . . oo,
( ngw , u into 47, w into %, p into

2w’ 40’ — 1)’
p’:sinzam< A‘Z,A) +sin2am< A‘Z,A) + - +sin’am <(nM)CU,A>,

one obtains the following;:
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(38.) kM sinamu = sinam (—,/\) + Y sinam (u +Aivw’/)\) : . (Téiﬁ;l(/g,/\)
1)k cosam M,A X M,A
(39.) (D%Mcosamu = cosam (%,/\) +) Aam(<4‘]’;j,)\> ) : » (411/\;,23 » (;\2,)\)
. Aam (itive § X utdvw' A
40.)  (~1)7'nMAamu = Aam (%A) +Y cosan(l (%ﬂ)\)) - (47\45;3 - (;2,)\)
(41.) % sin®amu = nsin?am (%,/\) —2p

(B -G (=0) ()

A2sinam (4’]/\51"/,/\) 'X(%ZU//A)X(ﬁ/A)

+X

From these, since
X (u+4va]</’1+4pw,)\> s X <u+§/}/w/,)\)
= e n —_—,
x () x (i)

having changed u into u 4 4pw, these more general formulas follow:

nkM . . u Svpmi u + dvaw'’ X (”+ﬁ/w //\>
(42.) sinam(u + 4pw) = sinam (—,A) +Ye n sinam A
M M <4vw’ /\) (&
X\ MmN X\ M
= ut4vw’ utdvw’
—1) = nkM o COSAM (A x (e, A
(43.) ()% cosam(u + 4pw) = cosam (%,/\> + ZES,LZ < ) ( )

Aam <4'1/\jf/,)\) . X <4VM“”,A> x ({5.1)
s 2 @M (%”“&A) X (%W,)O

P
cosam (%‘”/,/\) . X (45\2111/\) x (1M

(44.) (—1)nT71nMAam(u +4pw) = Aam <%,A) +Yen

n’k>mM? ., 5 u ,
Gz sin am(u + 4pw) = nsin® am (M,/\) —2p

e (B0 20 (h0)  x (i)

tre A2 sinam (4%}”,)\) ..X<4¥\;f’f)\)7€(ﬁf)‘>
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10.

Having put

x =sinamu and

B 1 wr2) (- i) (1 arfis)
M sin® am 2w sin® am 4w sin?am(n—1)w

(1 — k2 sin? am 2w - xx)(1 — k2 sin® am 4w - xx) - - - (1 — k2sin? am(n — 1)w - xx)

R/ R /A _ vy
nMy <1 sin? am(z‘—,\j,’,/\) > (1 sin? am(%,/\) ) (1 sin? am(%,/\) )

(46.) y =sin (%,A) =

(47.) == sinamm = (1 — A2sin? am <%,/\) yy) (1 — A2sin?am (%,A) yy) e <1 — A2sin?am <W,A) yy)

®(u) = (1 —k?sin®am 2w - xx)(1 — k? sin? am 4w - xx) - - - (1 — k2 sin am(n — 1)w - xx)

2w’ 40’ (n—1)a'
— 22402 = —22ain2 - .. _ A24in2 Yol
Y(u) = (1 A% sin am( ,A) yy) <1 AZsin am( ,)\) yy) (1 A“ sin am( ,/\) yy)

according to formula (17.) of Commentatio prima:

At dpe) L [@(ap)(u) X (A e
x(@pw)x(u) —\ @(u+4pw)’ X(%,A)x(%,)\) O\ ¥(ut4pe)

If these expressions are substituted in the equations (26.), (42.) and addition-
ally one puts nu instead of u in (26.), it results:

o !/ !/
(48.) M sinam(u + 4pw) = sinam (%,)\) + Zeg# sinam <Lt—i_]3;/60,/\) - W
! —8vpmi
(49.) ﬁsin <LH_]C4/IP(U,)&> = sinamu +Ye = sinam(nu +4vw) - { qm

The first of these equations yields a general explicit expression of x in terms of
y or the complete algebraic resolution of the equation of n-th order (46.), but
the other gives a general explicit expression of y in terms of z or the algebraic
resolution of equation (47.). One has to note that by means of equation (2.)
all radicals in one of these equations can be expressed by the power of one of
them.
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